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Figure 2 shows the results of the calculations with flow
values, pressure ratio, and total temperature plotted over the
nozzle length. The segment size had been reduced in these
calculations to the point where its influence on the results
practically disappeared. The supersonic Mach number curve
demonstrates the influence of the segment size, comparing it
also with the condition encountered with the method of Ref.
1. If the segment size for both methods is reduced to the point
of no influence, complete agreement exists between both
methods. However, the segment size required by the method
of Ref. 1 is about five times smaller than that required for the
present method; i.e., for the same accuracy, the method of
Ref. 1 requires many more steps in the calculation than the
present method. By increasing the segment size for the present
method by a factor of five, the solid points above the Mach
number curve in Fig. 2 result. By using the same segment size
for the method of Ref. 1, the Mach numbers marked by the
crosses above the solid points are obtained; i.e., for the same
enlarged segment size the method of Ref. 1 deviates much
more from accurate values than the present method.

The present method has another advantage. It does not
become undetermined at Mach 1, as evident from Eq. (13);
i.e., no special precautions are necesary for supersonic
calculations near the sonic point [for subsonic calculations,
inadmissable segment area ratios recognized by imaginary
results in Eq. (14) must be avoided].

The flow process least accessible to the present calculation
method is subsonic diffusion. In this process, unpredictable
flow separation is likely to occur, which, in general, makes a
fair estimate of r very difficult.
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friction reduction due to continuous injection is well known;
the present study focuses on the effect of spatially varying the
injection on flat-plate drag. Little is known regarding the
effects of suction and injection on wavy wall surfaces; the
present study is also focused on this problem.

Calculations were made for 1.2 m long surfaces, one flat
and the other sinusoidal with a wavelength of 30.5 cm. In each
case the undisturbed velocity was 15.24 m/s and the initial
boundary layer was turbulent at a momentum thickness
Reynolds number of 4500. For the flat surface, a finite-
difference boundary-layer code1 was used to determine if
spatial variations in mass transfer for a fixed toal flow rate
could result in enhanced drag reduction. For the sinusoidal
surface, calculations were made with a Navier-Stokes code2

for a sinusoidal distribution of suction and injection per-
pendicular to the wall. In both programs mixing length
constants of £ = 0.41 and (£/<5)max = 0.085 were used in zero-
order turbulence closure schemes, and the wall damping
factor A + was assumed to be the following function of V+

for low-speed flow3:

yl+=26exp(-5.9F+) (1)

where V+ = vw/ur, v = velocity component perpendicular to
the wall, and UT=(TW/P) 1/2.

The Navier-Stokes program was checked for coding errors
by comparing flat-surface calculations with boundary-layer
program calculations for the same input conditions. For no
mass transfer the two methods gave essentially the same
integrated drag over the 1.2 m surface (see Table 1). Results
obtained for an impermeable wall, a flow with constant
blowing, and the solution for one cycle of suction and
blowing (vw/MO, =0.005 at maximum suction and injection)
are shown in Fig. 1. The differences in cf level in the suction
portion of the wave can be attributed to the different methods
of solution and are considered reasonable by the authors.

Flat Surface Results
Calculations were made using the boundary-layer code to

determine the effect of various spatial blowing variations on
flat-plate skin friction reduction. Injection was computed for
one, two, and four strips, while adjusting the injection rates
to keep the total injected mass constant. A uniform blowing
rate of fw /w 0 0 =0.001 over the complete surface defined the
total mass injected. That is, values of vw/u00 equal to 0.002,
0.004, and 0.008 were injected over one-half, one-quarter,
and one-eighth surface lengths for single-, double-, and
quadruple-step injections, respectively. The drag on the 1.3 m
(4 ft) long surface element was obtained by integrating the
local skin friction coefficient. (No "correction" or ac-
counting was included for the losses associated with collecting
and ducting the air. These losses are a function of the in-
jection air source, laminar flow control (LFC) suction being a

Introduction

MOTIVATED by current research on viscous drag
reduction, the effects of mass injection and pressure

gradients on the drag of surfaces were examined theoretically
using boundary-layer and Navier-Stokes codes. Two tur-
bulent flow cases were considered: the effect of spatially
nonuniform surface injection with fixed total mass flow rate
on a flat surface, and the effect of sinusoidal mass injection
and suction on a sinusoidal surface in the presence of a
streamwise pressure gradient. For a flat surface the skin

Table 1 Effect of injection method on flat-surface drag reduction
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particularly "low-loss" source.) The results are summarized
in Table 1 as the percentage reduction in drag over the no-
blowing case.

It is evident that multiple injection does not degrade drag
reduction over the single-step injection case, although there is
a very slight enhancement of drag reduction when the peak
injection rate is decreased (i.e., the same amount of mass is
injected over a larger area). In no case is the drag significantly
different from the case of continuous injection. Evidently, for
these flow conditions, the total mass injection determines the
overall drag reduction. We conclude, therefore, that the net
drag reduction is determined primarily by the total mass
injected independent of the mode of injection (continuous or
step). This may be of significant importance in the structural
design of injection surfaces (i.e., discrete injection geometries
may have a lower structural weight compared to a porous
surface).

Sinusoidal Surface Results
Also investigated was the effect of combined suction and

injection on total drag for a rigid wavy surface. The flow over
such a surface (with no wall suction or injection) has
associated with it a pressure distribution that is a function of
the amplitude of the wave h, wavelength X, and the basic
characteristic of the oncoming flow, e.g., <5/A. Experiments of
Sigal4 and Kendall5 [/z/X«0(0.03)] indicate that the wave
average friction drag (which, again, is a function of h/\, <5/X,
etc.) is about 10-20% lower than the flat-plate value.
However, the surface pressure distribution is phase-shifted
over the wave and produces a form drag; therefore, the total
drag of a wavy wall is generally above that of a flat surface.
The objective of this portion of the study was to determine
whether prescribed distributions of injection/suction on the
wavy surface could alter the pressure and skin friction
distribution in such a way as to produce a net drag reduction
for the surface. The relevant parameters of interest are the
peak rate of injection/suction and the distribution of suc-
tion/injection with respect to the surface shape, as well as the
usual wavy wall flow parameters (h/\, <5/X, etc.).

Figure 2 shows a sketch of the surface for which the
calculations were made. This surface can be described as

y = hcos(2irx\)

The suction distribution at the wall is given by

(2)

(3)

where 0 is the phase shift of injection with respect to the
surface crest.
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Fig. 1 Local skin friction coefficients calculated by finite difference
boundary-layer code and Navier-Stokes code.
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Fig. 2 Sketch of sinusoidal surface illustrating peak injection at
crest, peak suction at trough.
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Fig. 3 Effect of phase-shifting sinusoidal mass transfer on the drag
of a sinusoidal surface (X = 30.5 cm, h = 0.25 mm, initial 5 = 7.6 cm).

In Fig. 3, the Navier-Stokes calculation for a sinusoidal
wave (h = 0.25 mm, A = 30.5 cm, 6 = 7.62 cm) with suction
velocity (vw/u00)max =0.003 is presented. From the figure it is
apparent that at </> = 0 deg a substantial drag penalty is im-
posed over that of a wavy surface with no mass transfer,
mainly through an increase in pressure drag (phase shift). The
opposite situation occurs for peak suction at the crest (</> = 180
deg). Here the reduction is mainly due to a pressure thrust.
Calculations made with different peak suction rates for the
same surface geometry indicate similar trends with </>.
However, these seems to be a critical (vw/u(X)max for given
wave and flow conditions for which the total drag reduction
at 0 = 180 deg is a maximum. Above this critical value the
total drag goes up for all </>. It may thus be possible to obtain a
total drag reduction over the wavy surface by a suction
distribution with 0 = 180 deg. However, the associated
penalty for collecting and ducting the flow (which is not
considered in this analysis) implies that this is not a desirable
option for drag reduction on sine waves.
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Table 1 Grid size and convergence level for a typical calculation
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Introduction

IN Ref. 1 it was shown that within a certain range of angle
of attack a. and freestream Mach number M^, numerical

solutions of the full-potential equation for flow past an airfoil
are not unique. The emphasis in Ref. 1 was to show that the
anomaly is inherent to the partial-differential equation
governing the flow and not a result of its discrete represen-
tation. After extensive tests, the authors of Ref. 1 concluded
that the nonuniqueness was actually a phenomenon associated
with the partial-differential equation. They then conjectured
that the anomaly may have a physical basis since it occurred in
a range of Mach numbers where airfoils of similar thickness
experience buffeting. This, they say, "raises the question of
whether an instability of the outer inviscid part of the flow
may also be a contributing factor" in the occurrence of
buffeting. They suggested that similar investigations using the
Euler or Navier-Stokes equations would shed light on the
possible physical significance of the observed nonuniqueness.
The purpose of this Note is twofold: First, to present results
which indicate that the anomaly is due to a breakdown in the
potential approximation, rather than a phenomenon
associated with the inviscid flowfield; and, second, to show
that the lift coefficient Q, predicted by the potential
equation, is a smooth but multivalued function of the angle of
attack. This second item fills a gap in the Q vs a curves
presented in Ref. 1; therein, the gap was explained in terms of
a hysteresis effect.

Discussion and Results
Parametric studies were conducted in the transonic range

for flow past a NACA 0012 airflow using a version of the full-
potential multigrid (FL036-2) code described in Ref. 2, the
full-potential approximate factorization (TAIR) code
described in Ref. 3, and a version of the Euler finite-volume
code described in Ref. 4. Table 1 gives the typical grid size and
convergence level for each of the codes used in this study. The
FL036-2 code included the option of prescribing the lift
coefficient and letting the angle of attack which satisfies the
Kutta condition evolve as part of the solution. This option
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Fig. 1 Lift coefficient as a function of angle of attack computed for
an NACA 0012 airfoil at M^ =0.83 using FL036-2, TAIR, and an
Euler code. The prediction of Prandtl-Glauert theory is included for
comparison.

had been thoroughly tested and duplicated the results ob-
tained by specifying the angle of attack. Reflection upon the
results presented in Ref. 1 indicated that this option was
needed to evaluate the Q vs a. curve in the region where Q is a
multivalued function of a.J This is the part of the curve which
the authors of Ref. 1 failed to generate with a prescribed.
Thus, they presented the curve with a gap between its positive-
and negative-lift branches. The gap, they argued, was the
result of a hysteresis effect. The part of the curve where Q is a
single-valued function of a. was obtained here with the TAIR
code because of the poor convergence of FL036-2 in this
region. The complete curve is shown in Fig. 1 for M^ =0.83.
Results from all the Euler calculations generated to date and
those shown in Fig. 1 do not indicate any anomalous behavior
at this Mach number; indeed, the Euler results follow closely
the curve predicted by the Prandtl-Glauert thin airfoil ap-
proximation,

The agreement between the Euler solution results and the
Prandtl-Glauert theory is fortuitous, since the assumptions on
which the latter is based are not valid in the supercritical
regime. However, this is not the first instance where Prandtl-

Jlt has been brought to the authors' attention that R. E. Melnik of
Grumman Aerospace Corporation had independently reached the
same conclusion and had similarly evaluated this part of the Q vs a
curve.


